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Abstract
Wick-type stochastic generalized KdV equations are researched. By using
the homogeneous balance, an auto-Bicklund transformation to the Wick-
type stochastic generalized KdV equations is derived. And stochastic single
soliton and stochastic multi-soliton solutions are shown by using the Hermite
transform.

PACS numbers: 02.30.1k, 02.30.Jr, 02.50.Fz, 05.45.Yv

1. Introduction

In this paper we will give exact solutions of Wick-type stochastic generalized KdV equations
in the following form:

U +Gi(1) o [6U o Uy + Uy ] +6F1 (1) o U = x[F[ (1) + 12F ()% o G1(1)] (1.1)

where Fi(t) = [f(t) + K1B()] and G(t) = g(t) + KoaW(¢), f(t) and g(¢) are square
integrable or bounded functions of #, B(¢) is a Brownian motion, W (¢) is Gaussian white
noise, i.e. W(t) = B(t), K, and K, are some constants. In fact, we hope to give exact
solutions of generalized KdV equations with random coefficients B(¢) and/or W(¢), in this

case f(t) = g(t) =0.
(1.1) is the perturbation of the coefficients f () and g(¢) of the generalized KdV equation
g+ gO)[6utty + g ] +6f () = x[f'(1) + 12g() f7(1)] (1.2)

by K B(t) and K, W (), respectively. (1.2) was discussed by M L Wang et al in [13]. They
gave the exact solutions of (1.2) by using the homogeneous balance principle which was
given by M L Wang in [11]. The homogeneous balance method has been widely applied
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to derive the nonlinear transformations and exact solutions (especially the solitary waves),
and auto-Bécklund transformations as well as the similarity reductions of nonlinear PDEs
in mathematical physics. These subjects have been researched by many authors, such as
M L Wang [11], M L Wang and Y M Wang [12], M L Wang et al [13], E G Fan [6, 7], etc.

Random waves are an important subject of stochastic partial differential equations. Now,
stochastic KdV equations have been studied by many authors. As far as we know they are
A de Bouard and A Debussche [2, 3], A Debussche and J Printems [4, 5], V V Konotop
and L Vzquez [9], J Printems [10], Y C Xie [14, 15] and so on. In [8], H Holden et al
gave the white noise functional approach to research stochastic partial differential equations
in Wick versions. As Xie did in [14] and [15], we will use the white noise method to give
auto-Bécklund transformations and exact solutions of Wick-type stochastic generalized KdV
equation (1.1).

2. SPDEs driven by white noise

In this section we will summarize the main matters for stochastic partial differential equations
which use the white noise functional approach. Please see H Holden et al’s book [8] for
details.

Let h,(x) be the Hermite polynomials. Put &,(x) = e’%xzhn(ﬁx)/(n(n — DHHl72,
n > 1. We have that the collection {&,},> constitutes an orthogonal basis for L*R) and
SUP,.c 16, ()| = O (7m)-

If we denote o = («y, ..., og) being d-dimensional multi-indices with oy, ...,y € N,
we have that the family of tensor products &, = &o,....a,) = éay @ -+ Q &y, (a € N?) forms
an orthogonal basis for Lz(Rd). Let o) = (agi), e, ag)) be the ith multi-index number in
some fixed ordering of all d-dimensional multi-indices o = (¢, ..., ) € N?. We can, and
will, assume that this ordering has the property that

i<j=>aii)+--~+a((ii)

,,,,

a4+ xal

Now define
ni =&y = Sa{n Q- ® Ea‘j) i>1.

We denote multi-indices as elements of the space (NON)C of all sequences o = (&, @y, ...)
with elements «; € Ny and with compact support, i.e. with only finitely many «; # 0. We
denote J = (NON)C. Fora = (a1, o2, ..., ) € J, we define

Hy(@) =[[ha(@.n)) @€ (SR))".
i=1

With n € N, let (S)} consist of those x = Y coHy, € @)_; L*(p) with ¢, € R"
such that ||x||%,k =Y, )Nk < 0o, Vk € N with 2 = |c,|> = Y |_, (cg‘))2 if
Cq = (cél), e cg’)) € R". where u is the white noise measure on (S*(R), B(S*(R))), a! =
[Ti2 ax! and @N)* = [];(2/)® for @ = (a1, @2, ...,) € J, where (S(R’)) and (S(R*))*
are the Hida test function space and the Hida distribution space on R?, respectively.

The space ()", consists of all formal expansions X = ), b, H, with b, € R" such that
1XI-1—g = D, bé(ZN)‘q" < oo for some g € N. The family of seminorms ||x||;x, k € N
gives rise to a topology on (S)', and we can regard ()", as the dual of (S5)] by the action

(X.x) = (ba. ca)ar!

and (by, cy) is the usual inner product in R".
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ForX =) auHy,, Y =), by Hy € (S)", withay, b, € R"

XoY = Z(aa, bg) Hyip
a.p
is called the Wick product of X and Y.
We can prove that the spaces (S (Rd)), (S (Rd))*, (S); and (S)_, are closed under Wick
products.
For X =), a.H, € (S)", witha, € R", the Hermite transform of X, denoted by H(X)
or X, is defined by

HX) =X(2) = Zaaz“ € C" (when convergent)

where z = (z1,22,-") € cN (the set of all sequences of complex numbers) and z* =
ey gy fora = (a0, --0) € J.
For X,Y € (5)Y 1» by this definition we have

m(z) =X() Y

for all z such that X (z) and Y (z) exist. The product on the right-hand side of the above formula
is the complex bilinear product of two elements of C" defined by (zf,.onzp) (et ... 22) =
> i_iz}z;, where z} € C.

Let X =), a,Hy, € (S)",. Then the vector ¢) = X (0) € R" is called the generalized
expectation of X and is denoted by E(X). Suppose that f : V — C" is an analytic function,
where V' is a neighbourhood of E(X). Assume that the Taylor series of f around E(X) has
coefficients in R”. Then the Wick version f°(X) =H'(f o X) € H",.

The Wick exponential of X € (S)_; is defined by exp®{X} = > 72, X°"/n!. Using the
Hermite transform we have that the Wick exponential has the same algebraic properties as the
usual exponential. For example, exp®{X + Y} = exp®{X} o exp®{Y}.

Suppose that modelling considerations lead us to consider an SPDE expressed formally
as A(t, x, 9, Vi, U, w) = 0, where A is some given function, U = U (¢, x, w) is the unknown

(generalized) stochastic process and where the operators 9, = %, V, = (aan e, {,37(1) when
x = (x1,...,x4) € RY. First we interpret all products as Wick products and all functions as
their Wick versions. We indicate this as

A°(t,x,0,, Ve, U,w) =0. 2.1)

Secondly, we take the Hermite transform of (2.1). This turns Wick products into ordinary
products (of complex numbers) and the equation takes the form

Alt,x,0,V,,U, 21,22, -+-) =0 2.2)
where U = ‘H(U) is the Hermite transform of U and z, z», ..., are complex numbers.
Suppose we can find a solution u = u(t, x, z) of the equation A(t, x, 9;, Vy, u,z) = 0 for
each z = (21, 22, ..., ) € K, (r) for some g, r, where K, (r) = {z = (21,22, ...,) € CN and

Za £0 |z¥ |2(2N)q"‘ < rZ}. Then, under certain conditions, we can take the inverse Hermite

transform U = H~'u € (S)_; and thereby obtain a solution U of the original Wick equation
(2.1). We have the following theorem, which was proved by Holden et al [8].

Theorem 2.1. Suppose u(t, x, z) is a solution (in the usual strong, pointwise sense) of the
equation (2.2) for (t, x) in some bounded open set G C R x R?, and for all z € K, (r), for
some q, r. Moreover, suppose that u(t, x, z) and all its partial derivatives, which are involved
in (2.2), are bounded for (t, x, z) € G x K, (r), continuous with respect to (t, x) € G for all
z € K, (r) and analytic with respect to z € K, (r), for all (t,x) € G.
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Then there exists U(t,x) € (S)_; such that u(t, x,z) = (l7(t, x))(2) for all (t,x,z) €
G x K, (r) and U(t, x) solves (in the strong sense in (S)_y) the equation (2.1) in (S)_,.

3. Single soliton solutions of stochastic KAV equations

In this and the next section, we will use theorem 2.1 with d = 1 to give exact solutions of
(1.1).

Taking the Hermite transform of (1.1), we can get the equation
Uit x,2) +[g(t) + KaW(t, DN6U (1, x, U 1 (1, %, 2) + U e (1, x, 2)]

+6Lf (1) + K1 B(t, )10 (1, x, 2)
=x{[f' () + KyW(t, )]+ 12[g(t) + KaW (1, D)1 f (1) + K1 B(t, 2)]*} (3.1

where the Hermite transform of W (z) and B(t) are defined by W(l, ) = Z,fil f(f Nk ($)dsz
and B(t,z) = Z,fil Nk (t)zk, respectively, when z = (z1,22,...,) € ((CN)C is a parameter.
We first solve the equation (3.1). ~ ~

For simpljcity, denote F(t,z) = f(t)+ K1B(t,x),G(t,z) = g(t) + K, W(t, z) and
u(t, x, z) = U(t, x, z). Suppose that the solution of (3.1) is the form

2
PR@EX2D) o
0x2 *
where K = K (¢) is a function of one variable only, V (¢, x, z) is a given solution of (3.1) for
any z € ((CN)C, which may be a trivial one, a constant one, and so on. For any z € ((CN)C,
according to the homogeneous balance principle (see [12]), using what Wang ez a/ did in [13]
we can get the Bicklund transformation of (3.1) as the follows:

u(t, x,z) = 2(log(¢))xx + V(t, x,2) (3.2)

u(t,x,z) = + Ko+ V(t,x,2)

<P[§0zx + G(@xxxx + 6V§0xx + 6F‘px)] - (px[@z + G(@xxx + 6V(px)]
+3G (2, — Px@rrr) = 0. (3.3)
For any fixed z € (., using the Bicklund transformation (3.2) and (3.3) we can
obtain the stochastic solitary wave solutions of (3.1). Since (3.3) is nonlinear, it is difficult
to solve it in general, especially when V(z, x, z) is a general function. However, taking
V(t, x,z) = xF(t, z) for a solution of (3.3), we can solve the equation
Ol + G(@xxx +0xF @) ]x — @@ + G(@rxx + 60X Fo )] + 3G(<ﬂ§x - (pxwxxx) =0 (34)

and we get the solution which is an exponential function

ot x,7) = 1 +explo(t, x, 2)} (3.5)
where

bt x,2) = yxAt,2) — y° /t G(s,2)A%(s, 2) ds + xo (3.6)
and 0

A(t, 7) = exp {—6/: F(s,2)G(s, 2) ds} (3.7

where y and x are arbitrary constants. Substituting (3.5) with (3.6), (3.7) and V (¢, x,z) =
x F(t, z) into (3.2) yields that a single solitary wave solution of (3.1) is
y>A%(t, 2) explp (1, x, 2))

[1+exp{o(t, x, 2)}]? +xF(t,z2). (3.8)

u(t,x,z) =
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By (3.6)-(3.8), B(t,2) = Y00, zu [y ma(s)ds and W(t,2) = Y00 n,(1)z, for z =
(z1,22,...,) € ((CN)C, if we choose the bounded open set G C R, x R, g > 0 and
|zjl < (2j)7? forall j > 1, then there exists » > O such that u(z, x, z), u;(t, x, 2), u (t, x, z)
and u,, (¢, x, z) are uniformly bounded for (¢, x,z) € G x K, (r), continuous with respect
to (t,x) € G for all z € K,(r) and analytic with respect to z € K, (r) for all (z,x) € G.
Theorem 2.1 implies that there exists U (¢, x) € (S)_; such that u(z, x,z) = (HU (¢, x))(2)
for all (t, x,z) € G x K, (r) and that U (¢, x) solves the equation (1.1). From the above, we
have that U (z, x) is the inverse Hermite transformation of u(z, x, z). Hence, by (3.6), (3.7)
and (3.8), we have that a stochastic single solitary solution of (1.1) is

YZAX(t, x) o exp®{D (¢, x))

Ult, x) = T+ o0 (00 DD +x[f (1) + K| B(1)] (3.9)
where

&(t, x) = yxA@r) — y* /t G(s) o A% (s)ds + xo (3.10)
and '

A1) :exp{—6/0t F(s)oG(s)ds}. (3.11)

The following special cases are interesting:

(i) Taking f(r) = 1, g(t) = K; = 0 and K, # 0, we have fé F(s) o G(s)ds = K, B(1),
A(1) = exp{—6K,B(1)}. exp’{B(1)} = exp { B(t) — 11?} (see lemma 2.6.16 in [8]) implies
A°(t) = exp®{—6K,B(t)} = exp{—K,(6B(t) — 3t*)} and

t
®(t, x) = yxexp{—6K,B(t)} — y3K2/ exp{—9K,(2B(s) — s2)} © Wds + xg
0

= yxexp{—6K,B(1)} — y3K2/ exp{—9K>(2B(s) — s2)}8 B(s) + xo.
0

Hence, the stochastic generalized KdV equation with the coefficient W (¢)

U+ KoW(t) o [6U 0 Uy + Uy ] +6U = 12K,x W (1) (3.12)
has the solution
Ui(t, x)

y2 exp® { — 12K, B(t) + yx exp{—6K,2B(t)} — y3K2 fot exp{—9K,(2B(s) — sH)}8B(s) +x0]
= + Xx.

(1 +exp® {yx exp(—6K2B(1)} — y3K> [} exp(—9K2(2B(s) — s2)}8B(s) + xo})oz

Where the stochastic integral fot exp{—9K,(2B(s) — s2)}8 B(s) is a Skorohod integral.
(i1) Choosing f(t) = g(¢t) = 0 and k1=K K, # 0, we have
k

/ F(s) o G(s)ds = k12/ B, o W,ds = %(32@) 1
0 0

A(t) = exp{—3ki2(B*(1) — 1)}
and
t

®(1,x) = yxexp{—3kin(B*(1) — )} — v ki f exp’{—9k12(B*(s) — $)}8 B(s) + xo.

0
Hence, the stochastic generalized KdV equation with the coefficients B(¢) and W (¢)
U+ KoW(@) o [6U oU, + Uy | + 6K B(t) o U

= x[K2W(t) + 12K K3W (1) © B*(1)] (3.13)
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has the solution
yzeo{—6k12(32(f)—t)+yx exp{—3ki2(B2()—1)}—y k12 f()r exp®{—9k12(B*(s)—s)}8 B(s)+xo}

(14 eolyxexpl=3kn(B2 (=0} =y *kn o exp°{—9k12<32<s>—s>}83(s>+x0})02

Ui, x) = + B(1)x.

(iii) Taking f (1) = g(t) = K|, = 0and K, # 0, we have fot F(s)oG(s) =0,A(t,x) =1
and

O(1, x) = yx — K2y B(t) + xo.
The stochastic generalized KdV equation with the coefficient W (¢)
U+ KaW(t) o [6U o Uy + Uy ] =0 (3.14)
has the solution
y?exp® {yx — Y K2 B(1) + xo)
(1 +exp®{yx — y3K,B(t) + x0})*
y2exp {yx - y3K2(B(t) - %tz) +x0}
B (1+exp{yx — Y3 K,(B(t) — %tz) +x0})<>2
yZexp {yx — y3Ka(B(t) — 31%) + xo}
(1+exp{yx — Y K2(B(t) — 1?) +x0})2'

Us(t, x) =

4. Multi-soliton solutions of stochastic generalized KdV equations

In order to obtain general multi-soliton solutions of (1.1), as M L Wang and Y M Wang did in
[13], we use the e-expansion method to solve the equation (3.4), that is, suppose that

ot,x,2) =1+9We+ @ 4+ pPe3 4 ... 4.1
where ¢® (k > 1) to be undetermined, ¢ is a parameter (for simplicity, we may take & = 1).
Substituting (4.1) into (3.4), collecting all terms with the same order in € together and setting
each coefficient of & (k > 1) to zero, yields a hierarchy of equations for ¢ (k > 1), and
solving this hierarchy of equations for ¢®) to get an exact solution of (3.4) in the form:

N N
O, x, ) =1+ G+ Y aydipj+ Y audidji+-- +an.n || 4.2)
k=1 i] i#j#k k=1
where
t
¢ (t, x,7) = exp {VkA(t, X, )% =y [ G(s,x,2)A%(s, x, 2)ds +x/<} (4.3)
0
where A(z, x, z) is expressed by (3.7), vk, Xk, ax, ajj, - . ., ai...y are arbitrary constants, N is

a positive integer. Substituting (4.2) with (4.3) and V (¢, x, 7) = x F (¢, z) into (3.2) yields the
stochastic N-soliton solution of (3.1)

u(t, x,z) = 2(log(p(r, x, 2)))xx + xF (2, 2) (4.4)

which represents the interaction of stochastic N-solitary waves for any z € (CV),.
As in the stochastic one-soliton solution case, using theorem 2.1, (4.2), (4.3) and (4.4) we
have that the stochastic N-soliton solution of (1.1) is

U(t,x) =2(log° (W (t, x)))xx + X F () 4.5)
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where
N oN

W) =1+ D+ Y a®io®i+ Y ap®io®; o+ +an.y[ [P (4.6)
k=1 i#] i#j#k k=1

and

@y (1, x) = exp® {ykA(t, x)x — /(, G(s, x) o A% (s, x)ds +xk} N %))
)
As an illustrative example we will give detailed discussion in the case N = 2. Taking
@V (t,x,2) = 11, x,2) + a1, x, 2)
as the discussion of M L Wang et al in [13] we have
(=)’
1 +1)?

and ¢ (t,x,z) = 0fork =3,..., N. If we choose ¢ = 1, (4.2) yields that the solution of
(3.4) is the following:

et x,2) = ¢1(t, x, 2)¢a(t, X, 2)

— 2
%qﬁl(”x’z)@(ﬂml 4.8)

Substituting (4.8) and V (¢, x, z) = x F (¢, z) into (3.2) we get the exact solution of (3.1)
Yid1 + Vit + 201 — v2) 1 + ann(Vidids + vidid3)
(1+¢1 + ¢y + appd12)?

where a5 = (y1 — ¥2)?/(y1 + ¥2)?, which represents the interaction of two solitary waves for
any fixed z € (CV),. Hence, by using the inverse Hermite transformation, we have a stochastic
2-soliton solution of (1.1) in the following

U, x)

o, x,2) =1+¢(t,x,2) +P(t, x,2) +

u(t, x,z) = 2A%(t, x, 2)

+xF(t,z2)

ViR + 13 D2 +2(y1 — 12) @1 0 o+ (i DY 0 Do + ¥ D) © D)
(1 + P+ Dy +apd ¢ @2)02

In a similar manner we can get similar results for equations (3.12)—(3.14), respectively.
(i) An exact solution containing 2-solitary stochastic wave of (3.12) is

Ui(t, x)

=2A%%(@,x) ¢ +xF(1).

©2 o2
VRO + 7L +2(11 — 1) @) 0 By +an (v (@) o @+ o) o (1))

=2A2(t, x) o = T
(1+ @] + ) + 0] © D))

where

Ay (1) = exp{—6K,B(1)}
and

1
<I>i1 (t,x) = exp® {yixeéKzB’ - yi3K2/ e’gKZ(zB(j)’sz)SB(s) +x,-} i=1,2,
0
x1 and x, are any constants.
(i) An exact solution containing 2-solitary stochastic wave of (3.13) is

Us (1, x)

VRO + V3 0% +2(71 — y) B 0 B3 + o (17 (9) 0203+ y7 03 o (03)7)
= 2A5%(t,x) o +xB®)

(14 @2+ B2 + ), 2 o D)
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where
Ay(t) = exp{—3kia(B*(1) — 1)}
and
t
CDiz(t, x) = exp° {yixe—%]z(BZ(t)—t) _ V[3k12/ e—9k12(82(s)—s)3B(s) +xi} i=1,2.
0

(iii) An exact solution containing 2-solitary stochastic wave of (3.14) is
2 2
VRO + 203 + 201 — 1) @3 0 B3+ ann (Y2 ()7 0 @3 + y203 o (93)7)

(1+®3 + D3+ app®? 0 3)7

Us(t,x) =2

where

1
@?(t,x):exp{yix—yfl(z (B(l‘)—il‘z)-’rxi} i=1,2.

Remark. Since there is a unitary map between the Wiener white noise space and the Poisson
white noise space, we can obtain the solution of the Poissonian SPDE simply by applying
this map to the solution of the corresponding Gaussian SPDE. A nice, concise account of this
connection was given by Benth and Gjerde in [1]. We can see section 4.9 of [8] also. Hence,
we can get stochastic single and multi-soliton solutions as we do in section 3 and section 4 if
the coefficient f(¢) is perturbed by Poissonian white noise in (1.2).
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